We study open sets P in normed spaces X attaining a large volume while avoiding pairs of points at integral distance. The proposed task is to find sharp inequalities for the maximum possible d-dimensional volume. This problem can be viewed as an opposite to known problems on point sets with pairwise integral or rational distances.
Introduction
For quite some time it was not known whether there exist seven points in the Euclidean plane, no three on a line, no four on a circle, with pairwise integral distances. Kreisel and Kurz [4] found such a set of size 7, but it is unknown if there exists one of size 8. 1 The hunt for those point sets was initiated by Ulam in 1945 by asking for a dense point set in the plane with pairwise rational distances.
Here we study a kind of opposite problem, recently considered by the authors for Euclidean spaces, see [5] : Given a normed space X, what is the maximum volume f (X, n) of an open set P ⊆ X with n connected components without a pair of points at integral distance. We drop some technical assumptions for the normed spaces X and mostly consider the Euclidean spaces E d or R d equipped with a p-norm. In Theorem 6.2 we state an explicit formula for the Euclidean case f (E d , n).
Basic notation and first observations
We assume that our normed space X admits a measure, which we denote by λ X . By B X we denote the open ball with diameter one in X, i.e. the set of points with distance smaller than 1 2 from a given center. In the special case X = (R d , · p )
with (x 1 , . . . ,
we have
where Γ denotes the famous Gamma function, i.e. the extension of the factorial function. In the Manhattan metric, i.e. p = 1, the volumes of the resulting crosspolytopes equal 1 d! and in the maximum norm, i.e. p = ∞, the volumes of the resulting hypercubes equal 1.
At first we observe that the diameter of a connected component C of a set P ⊆ X avoiding integral distances is at most 1.
2 Otherwise we can consider two points u, v ∈ C having a distance larger than 1 and conclude the existence of a point w ∈ C on the curve connecting u with v in C such that the distance between u and v is exactly 1. 1 We remark that, even earlier, Noll and Simmons, see http://www.isthe.com/chongo/tech/math/n-cluster, found those sets in 2006 with the additional property of having integral coordinates, so-called 7 2 -clusters. 2 We remark that the maximum volume of a set with diameter 1 in X is at most λ X (B X ), see e.g. [7] . Given two points u, v ∈ X, where v − u X = 1, we may consider the line L := {u + α(v − u) | α ∈ R}⊆X. The restriction of X to L yields another, one-dimensional, normed space, where we can pose the same question.
We consider the map ϕ :
If ϕ is not injective on P ∩ L, the set P contains a pair of point an integral distance apart. Since the map ϕ is length preserving modulo 1, that is, p 1 − p 2 X mod 1 = |ϕ(p 1 ) − ϕ(p 2 )|, its restriction to the connected components of P ∩ L is length preserving. Thus, we conclude the necessary condition for an open set avoiding integral distances that the length of each intersection with a line is at most 1.
Having those two necessary conditions, i.e. the diameter of each connected component is at most 1 and the length of each line intersection is at most 1, at hand we define l(X, n) as the maximum volume of open sets in X with n connected components, which satisfy the two necessary conditions. We thus have
In [5] the authors provided an example of a connected open set U ⊆ R d such that the intersection of U with each line has a total length of at most 1 but the volume of U is unbounded.
Based on a simple averaging argument, any given upper bound on one of the two introduced maximum volumes for n components induces an upper bound for k ≥ n components in the same normed space X:
For lower bounds we consider the following construction. Given a small constant 0 < ε < 1 n , we arrange one open ball of diameter 1 − (n − 1)ε and n − 1 open balls of diameter ε each, so that there centers are aligned on a line and that they are non-intersecting. Since everything fits into an open ball of diameter 1 there cannot be a pair of points at integral distance. As ε → 0 the volume of the constructed set approaches λ X (B X ), so that we have
We then have f (X, 1) ≤ l(X, 1) = λ X (B X ). The map ϕ shows that equality is also attained for normed spaces X of dimension 1. So, in the following we consider sets consisting of at least two components and normed spaces of dimension at least two.
Two components
For one component the extremal example was the open ball of diameter 1. By choosing the line through the centers of two balls of diameter 1 we obtain a line intersection of total length two, so that this cannot happen in an integral distance avoiding set. The idea to circumvent this fact is to truncate the open balls in direction of the line connecting the centers so that both components have a width of almost 1 2 , see Figure 1 for the Euclidean plane E 2 . The volume V of a convex body K ⊂ E d with diameter D and minimal width ω is bounded above by minimal widths ω 1 and ω 2 , respectively, so that
, independently from the dimension. Motivated by this fact we generally define S X to be a spherical symmetric slice with diameter 1 and width 
The truncated disc in dimension d = 2 has an area of On the left hand side of Figure 2 we have drawn the spherical slice, i.e. a truncated ball, in dimension 2 for the maximum norm, i.e. p = ∞. For general dimension d we have λ X (S X ) = Figure 1 . For some special normed spaces X we can choose ε > 0 and move the centers of the two components sufficiently away from each other such that we can guarantee that no line intersection has a total length of more than 1. 
Proof. For a given small ε > 0 place a truncated open ball of diameter 1 − ε and width 1 2 − ε with its center at the origin and a second copy so that the two centers are at distance k + 
By choosing a sufficiently large integer k we can guarantee that this term is at most k + 1, so that there is no pair of points at integral distance. Finally, we consider the limit as ε → 0.
We conjecture that the lower bound from Lemma 3.1 is sharp for all p > 1 and remark that this is true for the Euclidean case p = 2 by Inequality (1).
Relation to finite point sets with pairwise odd integral distances
In this section we restrict the connected components to open balls of diameter . Therefore dilating P by a factor of 2 yields the set Q of the centers of the n balls with pairwise odd integral distances.
However, for Euclidean spaces E d , it is known, see [2] , that |Q| ≤ d + 2, where equality is possible if and only if d ≡ 2 (mod 16). It would be interesting to determine the maximum number of odd integral distances in other normed spaces.
Large-volume open sets with diameter and maximum length of line intersections at most one
Assuming that the construction using truncated open balls from Section 3 is best possible or, at the very least, competitive, we can try to arrange n copies of those S X . Since we have to control that each line meets at most two components we cannot arrange the centers on a certain line. On the other hand, the cutting directions, i.e. the directions where we cut of the caps from the open balls, should be almost equal. To meet both requirements, we arrange the centers of the components on a parabola, where each component has diameter 1 − ε and width 
Proof. For a given small ε > 0 consider n truncated d-dimensional balls S X of width 1 2 − ε, where the truncation is oriented in the direction of the y-axis, with centers located at i · k, i · k 2 , 0, . . . , 0 and diameter 1 − ε for 1 ≤ i ≤ n, see Figure 3 . For k large, there is no line intersecting three or more components. It remains to check that each line meeting two d-dimensional balls centered at C 1 , C 2 has an intersection of length at most 1 2 with each of the truncated balls. This can be done by performing a similar calculation as in the proof of Lemma 3.1. Again, we consider the limiting configuration as ε → 0.
We conjecture that the lower bound in Lemma 5.1 is sharp.
Using results from Diophantine Approximation
In order to modify the construction from the previous section to obtain a lower bound for f (X, n), we use results from Diophantine Approximation and:
2 , where the ζ j are 2pth roots of unity. Then the α j are irrational and linearly independent over Q.
A proof, based on a theorem of vanishing sums of roots of unity by Mann [6] , is given in [5] .
This result can be applied to construct sets avoiding integral distances as follows. We fix an odd prime p with p ≥ n. For each integer k ≥ 2 and each Next we consider two points a and b from different components. We denote by α the distance of the centers of the corresponding components. From the triangle inequality we conclude
Since the occurring distances α are given by 2k sin
2 we look for a solution of the following system of inequalities
with k ∈ N, where {β} denotes the positive fractional part of a real number β, i.e. there exists an integer l with β = l + {β} and 0 ≤ {β} < 1. 
Proof. (Sketch) For a given number n of components we choose an increasing sequence of primes n < p 1 < p 2 < . . . . For each i = 1, 2, . . . we consider the p-gon construction with p = p i and n neighbored vertices. If the scaling factor k tends to infinity the d-dimensional volume of the resulting sequence of integral distance avoiding sets tends to the volume of the following set: Let P i arose as follows. Place an open ball of diameter 1 at n neighbored vertices of a regular p i -gon with radius 2n 2 . Cut off caps in the direction of the lines connecting each pair of centers so that the components have a width of 1 2 in that direction. In order to estimate the volume of P i we consider another set T i , which arises as follows. Place an open ball of diameter 1 − ∆ i at n neighbored vertices of a regular p i -gon with radius 2n
2 . Cut off caps in the direction of the x-axis so that the components have a width of 1 2 −∆ i . One can suitably choose ∆ i so that T i is contained in P i . Since the centers of the components of P i tend to be aligned, as i increases, ∆ i tends to 0 as i approaches infinity. We thus have lim i→∞ λ E d (T i ) = n · λ E d (S E d ).
Conclusion
We have proposed the question for the maximum volume of an open set P consisting of n components in an arbitrary normed space X avoiding integral distances. For the Euclidean plane those sets need to have upper density 0, see [1] . Theorem 6.2 proves a conjecture stated in [5] and some of the concepts have been transferred to more general spaces. Nevertheless, many problems remain unsolved and provoke further research.
